ABSTRACT. We consider the distribution of p-power group schemes among the torsion of abelian varieties over finite fields of characteristic p, as follows. Fix natural numbers g and n, and let ξ be a non-supersingular principally quasipolarized Barsotti-Tate group of level n. We classify the F qrational forms ξ α of ξ. Among all principally polarized abelian varieties X/F q of dimension g with 
INTRODUCTION
Either the general philosophy of arithmetic statistics or the specific question of Cohen-Lenstra heuristics for function fields can easily lead one to wonder:
How are group schemes distributed among the N-torsion group schemes of principally polarized abelian varieties over a finite field?
More concretely, for various combinations of g, q = p e , and N, we would like to understand the multiset (X [N] , λ N ) : (X, λ) ∈ A g (F q ) . For example, suppose N is relatively prime to p and g is fixed. The N-torsion of the universal abelian scheme X [N] → A g is a local system of (Z/N)-modules, and the scheme of isomorphisms Isom((X [N] , λ N ), ((Z/N) ⊕2g , ·, · )) is anétale, Galois cover of A g . A monodromy calculation shows that this cover is irreducible; the Chebotarev theorem then gives good control, as q → ∞, of the distribution of forms of (Z/N) ⊕2g . (See, e.g., [1] .)
The landscape looks dramatically different if, instead of considering prime-to-p torsion, one analyzes p n -torsion. For example, there are several different geometric isomorphism classes of group scheme which arise as X [p] . Perhaps worse yet, there are infinitely many different geometric isomorphism classes of group schemes which arise as X[p 2 ] over F p . Therefore, a direct strategy based on local systems and the Chebotarev theorem seems difficult to implement.
Still, not all is lost. In [5] , the authors fix a base field F q and describe a natural measure on the space of principally quasipolarized group schemes of rank 2g which are killed by p. They then are able to compute the large-g expectation of various events, such as having specified a-number or p-rank. Unfortunately, it is unknown whether this measure accurately describes the distribution of the p-torsion group schemes of abelian varieties, although numerical experiments with hyperelliptic Jacobians are encouraging.
In the present paper, we take a complementary, "fixed g, large q" approach. An initial, naïve attempt fails to detect many of the interesting structures on A g in positive characteristic. The ordinary locus is open and dense, and so in the large q limit, (essentially) all X [p] are forms of (µ µ µ p ⊕ Z/p) g . To detect more subtle variations, we condition on geometric isomorphism class, as follows.
This work was partially supported by grants from the Simons Foundation (204164) and the NSA (H98230-14-1-0161). 1 Let ξ be a geometric isomorphism class of principally quasipolarized BT n ; let A g,ξ be the locus where X [p n ] is geometrically isomorphic to ξ. We will show that there is a finite group A(ξ) whose conjugacy classes A(ξ) ♯ parametrize, for suitable fields F q , F q -rational forms of ξ. We essentially show (see Theorem 4.5 for details) that, for each α ∈ A(ξ) ♯ , the proportion of elements of (X, λ) ∈ A g,ξ (F q ) for which (X, λ)[p n ] ∼ = ξ α approaches 1/#Z A(ξ) (α) in a surprisingly uniform way. In fact,
the error is bounded by D/ √ q for some constant D which depends only on g, n and p. Thanks to Lemma 2.2, this is compatible with the broad philosophy of [5] , and even that of [9] ; a (polarized) group (scheme) occurs with frequency inversely proportional to the size of its automorphism group.
Our analysis starts (Section 2) with a classification of the possible F q -rational forms of a given principally quasipolarized BT n ξ. One fact which emerges is that there is a finite set which controls such forms, independent of the base field. In this way, it is possible to compare forms of ξ over ever-larger finite extensions of the base field.
In Section 3 we review (and, where necessary, extend) results, largely due to Oort and to Chai and Oort, on the structure of the strata A g,ξ . It turns out that, although there are infinitely many such strata (if n ≥ 2), their topology (if n ≫ g 0) may be uniformly bounded in terms of g, n and p.
We apply these results in Section 4 to state and prove our main equidistribution result. As is often the case, a geometric Chebotarev theorem is the crucial guarantor of equidistribution, but it is invoked here in a somewhat novel way. If n is small relative to g, then there is often no single local system on A g,ξ which controls the variation in the forms of ξ. Still, we express A g,ξ as a disjoint union of infinitely many central leaves A g, ξ . (Of course, only finitely many of them are defined over a given finite field.) Since each of these has bounded topology, we are able to deduce the uniform bound asserted in (1.1).
The paper concludes (Section 5) with a series of examples, and a brief discussion of related results.
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2. FORMS OF A BT n 2.1. Notation. We will work over finite fields of characteristic p > 0; in particular, q is always a power of p. Let F be an algebraic closure of F p .
Let K be a perfect field of characteristic p, and let n be a natural number. A Barsotti-Tate group of level n, or BT n , over K is a commutative finite group scheme G/K which is annihilated by p n and flat over Z/p n . (If n = 1, one further insists that im F :
is an epimorphism; we will sometimes refer to such an object as a BT ∞ .
(In characteristic 2, this definition must be modified slightly; see [22, 2.6] or [14, 6.3] for more details.) The pair (G, λ) is called a principally quasipolarized, or pqp, group scheme (or BT n ).
Define:
• Ξ g,n (F) for 1 ≤ n ≤ ∞ is the set of F-isomorphism classes of principally quasipolarized BT n 's of height 2g over F.
For each of these sets we will write, e.g., (G, λ) ∈ ξ(F q ) (or even G ∈ ξ(F q )) when we really mean a representative for the F q -isomorphism class. For 1 ≤ n ≤ m ≤ ∞ there is an obvious truncation functor Ξ g,m (F) → Ξ g,n (F), which we will denote by ξ → ξ[p n ]. Let Ξ g,m (F) ξ be the fiber of this map over ξ.
For an abstract group Γ, let Γ ♯ be the set of conjugacy classes of Γ, and let Z(Γ) be the center of Γ.
2.2.
Automorphism groups and forms. Let K be a finite field of characteristic p, let n be a positive integer, and let (G, λ)/K be a pqp-BT n . Its automorphism group scheme Aut G,λ is affine, and sits in the usualétale-connected sequence
Since K is perfect, (2.1) splits canonically, and we sometimes view A G,λ as a (finite, discrete) group of automorphisms of (G, λ).
) is a pointed set, with distinguished element the K-isomorphism class of (G, λ) itself. On the other hand, we endow A ♯ G,λ with the structure of a pointed set by distinguishing (the conjugacy class of) the identity 
✲ 0 and the corresponding long exact sequence of Galois cohomology groups
. The left-most term is zero by Lang's theorem; the rightmost term is trivial, since K is a finite field and thus has cohomological dimension
In particular, (the isomorphism class of) a twist (H, µ) ∈ Twist(K, (G, λ)) is represented by some α ∈ A G,λ , well-defined up to conjugacy.
Proof. Part (a) is a special case of a more general statement worked out in [26, I.5.3 .34]; part (b) follows immediately from the fact that the [L : K] th power of a topological generator of Gal(K) is a topological generator of Gal(L).
In particular, in the context of Lemma 2.2, (H, µ) is split if and only if α ∈ Z(A G,λ ). We will call such an (H, µ) a central twist of (G, λ).
Proof. 
If we write Z(A G,λ ) ∼ = ⊕Z/m i and recall that r and s are relatively prime, the existence of b and c is obvious.
Proposition 2.4. Let ξ ∈ Ξ g,n (F). There exists a finite field F q(ξ) and a split pqp group scheme
Proof. Given Lemma 2.3, it suffices to prove that if gcd(r, s) = 1, and if there are split pqp group
is canonically isomorphic to its pullbacks by σ s and σ r , and thus is invariant under Gal(F q rs /F q ). Descent is effective for affine group schemes, and the proposition is proved.
As above, we note that A(ξ) acts on (G, λ).
denote the form of ξ corresponding to the conjugacy class of α in A(ξ). 
where γ is some element of the center. Now suppose that (H, µ) is an
Since the centralizers of α 1 and γα 1 coincide, the quantity
is independent of the choice of split model for ξ. 
. As an abstract group, it is independent of the choice of model ( G, λ), and we view it as the group of discrete automorphisms of ξ which lift to ξ.
STRATIFICATIONS ON A g
Let N ≥ 3 be an integer relatively prime to p. Let A g,d,N be the moduli space, over F p , of g-dimensional abelian varieties equipped with a degree d 2 polarization and symplectic level-N structure, and let A g = A g,1,N . Let X → A g be the universal principally polarized abelian scheme (with level N structure).
for each algebraically closed field k of characteristic p,
Moreover, A g,ξ is affine, smooth and equidimensional.
Proof. In the case n = ∞, the existence of a scheme A g,ξ satisfying (3. 
such that
(c) Each A g,ξ arises in this way.
Proof. This is [23, Thm. 5.3] . In fact, what Oort proves is that, over F, there exists an arrangement as in (3.2) where the domain is a product of integral schemes over F. The present formulation follows by taking the disjoint union of Gal(F p )-conjugates of the schemes constructed in loc. cit.
Consequently, at least if we set aside the supersingular locus, central leaves have bounded topology. (In general, say that ξ ∈ Ξ g,n (F) is not supersingular if no component of A g,ξ is fully contained in the supersingular locus of A g .) For a variety V over a field K, let σ c (V) be the sum of its compact Betti numbers; 
Proof. All necessary information is contained in Oort's proof of Theorem 3.2. Subsequent improvements by Chai and Oort [8] allow a somewhat clearer picture of the structure of (3.2), and we avail ourselves of these insights to give a streamlined, if slightly anachronistic, description of Theorem 3.2.
Fix a non-supersingular Newton polygon ν. 
Suppose s ∈ S ν (F); let ξ = ξ(s) be the corresponding isomorphism class of BT n . The universal abelian scheme over the central leaf A g,ξ in W is given by The corollary now follows, where for C we may take
In the proof of Corollary 3.3, we needed the fact that a geometrically constant BT n over a regular base is fppf-trivial, and is in fact trivialized by pullback to a regular scheme:
Proposition 3.4 (Oort). Let S/K be a regular Noetherian scheme over a perfect field, and let G → S be a geometrically fiberwise constant p-divisible group. For each natural number N, there exists a Noetherian regular scheme T N /K and a finite and faithfully flat morphism T N → S such that G × S T N is constant.
Proof. This is [23, Thm. 
are (abstractly) isomorphic. Therefore T N , as anétale cover of a regular scheme, is regular.
Proposition 3.4 shows that a geometrically fiberwise constant BT ∞ over a regular base is locally constant in the sense of [15] . Let s ∈ S be a point, with residue field κ(s). By [15, Prop. 3] , in the setting of Proposition 3.4, for T n one may take a certain torsor under a finite group scheme over κ(s).
Say that ξ ∈ Ξ g,n (F) admits a generic Newton polygon if there is some Newton stratum A
For example, if ξ ∈ Ξ g,1 (F) is not supersingular, then A g,ξ is irreducible [11, Thm. 11.5] (see also [16] ), and thus ξ admits a generic Newton polygon. At the opposite extreme, if n ≫ g 0, then all pqp p-divisible groups with p n -torsion ξ are isomorphic, and in particular share the same Newton polygon. More generally, Lau, Nicole and Vasiu give an explicit upper bound [20, Thm. 1.2] for a function ("the isogeny cutoff") b(g) such that, if ξ ∈ Ξ g,n and n ≥ b(g), then A g,ξ is contained in a unique Newton stratum. For such a ξ, denote its generic Newton polygon by ν(ξ).
A stratum A g,ξ with a generic Newton polygon is irreducible: g,ξ is smooth (Lemma 3.1), [7] lets us deduce the irreducibility of A ν g,ξ .
THE DISTRIBUTION OF FORMS OF GROUP SCHEMES
In all that follows, we will assume that ξ ∈ Ξ g,n (F) is not supersingular but does admit a generic Newton polygon. 
Moreover, ∪ ξ∈∈Ξ g,m (F) ξ A g, ξ is a disjoint union of countably many locally closed subschemes of A g , and is Zariski dense in A g,ξ .
Lemma 4.1. Fix 1 ≤ n < m ≤ ∞. Henceforth, let A * (ξ) = A ∞ (ξ), the group of generically liftable discrete automorphisms of ξ, and let A • g,ξ be the complement of the supersingular locus in A • g,∞,ξ .
(a) There exists a subgroup A m (ξ) ⊆ A(ξ), and an open dense subscheme
A • g,m,ξ ⊆ A g,ξ , such that if s ∈ A • g,m,ξ (F), then the image of Aut X s [p m ],λ s [p m ] ✲ Aut X s [p n ],λ s [p n ] ✲ π 0 (Aut X s [p n ],λ s [p n ] ) = A(ξ) (4.1) is A m (ξ). (b) There is a subset Ξ • g,m (F) ξ ⊆ Ξ g,m (F) such that A • g,m,ξ (F) = ∪ ξ∈Ξ • g,m (F) ξ A g, ξ (F). Proof. Let ρ : Aut X [p m ],λ[p m ] → Aut X [p n ],
Distribution of forms.
In this section, we fix a ξ ∈ Ξ g,n (F) which admits a generic, nonsupersingular Newton polygon. Recall that F q(ξ) is the minimal field of definition of a split representative for ξ.
Lemma 4.2. (4.2) lim
In (4.2) and similar constructions, the limit is over ever-larger extensions of F q(ξ) .
Proof. If the moduli point of
Unfortunately, except in certain special cases (such as the minimal BT n 's discussed below), we have little information on the topology of the complement A g,ξ A • g,ξ , and thus no explicit control over the rate of convergence in (4.2). Thus, at present, in order to make statements with uniform bounds such as Theorem 4.5, we need to condition on membership in A • g,ξ (F q ). 
In other words, there exists
Proof. Let s ∈ A g, ξ be a geometric point. By [8, Thm. 5.6], the naïve monodromy representation
is surjective. Thus, the image of the composite homomorphism
is all of A( ξ, ξ) . Moreover, the finite and faithfully flat morphism V ξ,n → A 
and then apply Lemma 4.4:
EXAMPLES AND COMPLEMENTS
We close with some explicit examples of the groups A(ξ) defined in Section 2, and a brief discussion of related work in the literature concerning the distribution of p-power torsion group schemes in abelian varieties. 
Consider 
where the connected component of identity is a two-dimensional unipotent group.
For general (c, d), one finds that
is far from surjective -the source is pro-étale, while the target has positive dimension -the induced map
is surjective.
5.2.
Simple pqp minimal p-divisible groups. Now suppose that (c, d) = (1, 1) , and let
and the analogous statement holds for the p-torsion group schemes, as well. Let ξ ∈ Ξ 2h,∞ (F) represent the geometric isomorphism class of (G µ,1−µ , λ µ,1−µ ), and let ξ ∈ Ξ 2h,1 (F) be its p-torsion.
5.3. Supersingular elliptic curves. In contrast to Section 5.2, we now consider the case where c = d = 1, and restrict our discussion to fields which contain F p 2 . Over an algebraically closed field k of characteristic p, H 1,1,k is isomorphic to the p-divisible group of any supersingular elliptic curve over k, and
In particular, we find that Therefore, N canonically determines a class λ N ∈ K × /τ(K × ).
Conversely, if a ∈ K × , then we can define a form M a of M as follows. As a K-vector space, it is generated by x and y; and the actions of Verschiebung and Frobenius are respectively (since we use covariant Dieudonné theory) given by Fx = y Vx = ay.
Then λ M a ,x = a, and λ M a is the class of a in K × /τ(K × ).
The ordinary locus.
The techniques developed in the present paper recover known results on the structure of the physical p-torsion of the ordinary locus. Indeed, fix a natural number n and a dimension g; then the p n -torsion group scheme of an ordinary abelian variety of dimension g is geometrically isomorphic to (µ µ µ p n ⊕ Z/p n ) ⊕2g . There is a unique principal quasipolarization on this group scheme, and we let ξ g,ord be the corresponding pqp BT n . Then Aut(ξ g,ord ) ∼ = Aut((Z/p n ) ⊕2g ) ∼ = GL g (Z/p n ). Any such automorphism lifts to arbitrarily high level, and A * (ξ g,ord ) ∼ = GL g (Z/p n ). We note, however, that there is a direct proof (Lemma 5.1) of Theorem 4.5 in this case.
5.5. Physical p n -torsion. For applications (e.g., [6] ), it is useful to be able to quantify the distribution of physical p-power torsion. Although Theorem 4.5 can be adapted to such considerations, a direct argument is perhaps more transparent.
Let X → S/F q 0 be an abelian scheme of dimension g over a connected base. Suppose that X has constant p-rank f ≥ 1, in the sense that, for each point s ∈ S, X s [p](κ(s)) ∼ = (Z/p) ⊕ f . Then, after a choice of geometric point s of S, for each natural number n there is a monodromy representation 
